Jo is known involving q points, then Hammer, Marlowe and Stroud [2] have shown that a formula of degree fc can be obtained for R which involves pq points.
For fc = 3 we will show that these results can be improved as follows. If ß = Rr X Rt and formulas of degree 3 involving p and q points are known for Rr and ß,, then a formula of degree 3 can be found for ß involving p 4-q 4-1 points (and in some cases this may be reduced top-r-gorp-1-ç -1 points). If 22 is a cone and a formula of degree 3 involving p points is known for its base B, then a formula of degree 3 involving p + 3 points (in some cases p + 2 or p + 1 points) can be found for ß, whereas the method of [2] would involve 2p points. We also give a p -f 2 point formula of degree 3 for certain double cones, where p is the number of points in a formula for the base, and a 2n 4-3 point formula of degree 3 for an n-dimensional simplex.
2. Formulas for Product Regions. For convenience let us assume that the centroid of ß, is at the origin of coordinates in the subspace Er of En for which Xr+i = • • • = x" = 0, and also that the centroid of ß, is at the origin in the subspace E, for which Xi = • •• = x, = 0. Then the centroid of ß is at the origin in En . Also, for convenience in notation, we will write
with similar notations for ß, and ß. Then, for example, ßr( 1 ) is the r-dimensional content or volume of Rr and ß(l) = ßr(l)ß,(l) is the n-dimensional volume of ß.
Suppose an approximate integration formula of degree 3 for Rr is given by:
Also suppose that a formula of degree 3 for ß, is given by:
At first it is assumed no v¡ coincides with the origin in E, and no vp+j coincides with the origin in E,. An integration formula for degree 3 for ß is given by:
To prove this statement, it suffices to prove that the formula is exact for the following ten types of monomials: 1, x,, , x,,, xr,xri, xrix,,, x,, x,,, xTxx,txTi, XnXTtx,l, xrix,, x,,, x^x. Thus the formula is exact because ß(xriXr,Xr,) = ß,(xr,Xr,Xrj)ß,(l).
The proofs, for types xn , x,, , xr,x,t, xtlx,t, x,,x,,x,j are similar. The type xrix,2x" . By the formula the integral of XriXr2xM over ß is zero since each term of the sum is zero. However ß(xriXr2Xn) = ßr(Xr1Xrj)ß,(x,1) = 0 because ß,(xtl) = 0. The proofs for the types xrix,, and Xj^x^x,, are similar. If the formulas for ß, and ß, already include the origin, then the formula for ß will involve either p4-ïorp4-g-1 points according as the origin is included in one or both of these formulas. In the former case, if vp+1 in (2) Depending on the particular structure of the formulas (1) and (2) it may be possible in special cases to eliminate the origin in the formula (3) for ß. Suppose in the formula (2) for ß,, vp+1 is the origin and ap+i is positive. Also suppose Rr is centrally symmetric. Then, as shown in [6] , we may obtain 2r point formulas for Of course if both R, and ß, are centrally symmetric then Rr X ß« is also centrally symmetric and the results of [6] may be applied directly to obtain 2n point formulas. Some of the resulting formulas may also be obtained from the separate formulas for ßr and ß, by a method somewhat similar to that described in the preceding paragraph.
As an example of a specific formula we give a formula for the region Cr X <S»-r, 1 Í r â n -2, where CV is the r-cube with vertices (±1, ±1, • • • , ±1) and <S"_, is the (n -r)-simplex with vertices ( -1, -1,
). For r = 1, Ci X Sn-x can be considered as a prism (or in the terminology of Sommerville [5] , p. 113, a prism of the first species) with base <SB-i ; for general r, C, X <S»_r is a prism of species r. Since Cr is centrally symmetric the remarks made above apply. A formula of degree 3 is known for Sn-r using n-r + 2 points, 13], one of which is the origin, but the origin is taken with a negative weight so that it is necessary to use n + r + 2 points in the formula for Cr X Sn-r. A particular formula is: We assume at first that no v{ coincides with the origin in ¿?"_i. An integration formula of degree 3 for ß can be found of the form
To prove this we must first calculate the monomial integrals over ß in terms of those over B. These are These values of bi', W, £i, & have been given in connection with numerical integration with respect to a weight function x"_I by Fishman [1] for n = 1(1)6 to 12D and in [2] for n = 2(1)4 to 18S. These authors have used n where we use n -1 and for m = 2, / = 1, 2, their 1 -x, is our £,, their b¿ is our b/. It is proved in [2] that the 2p points If one of the r< in (4), say vx, is the origin in 2?"_i then it may be possible to determine bi, b*, ft , & with b» = 0 to give a formula which involves only p -f-1 points v2, ■ ■ ■ , vp+2. The formula using «4-2 points when ß is an n-simplex, [3] , can be derived in this manner; the formula for B, which is an (n -l)-simplex, involves n 4-1 points of which one is the origin in i?n_i . In any event, if vx is the origin, we may derive a formula of degree 3 for ß involving p + 2 points v2, • -■ , Since bp+i is required to be positive, we could, providing or, in other words, providing n(n -\-3)* choose bi = 0. In this case the formula for ß would involve only the p 4-1 points vi.
• • • i "p+i and bp+i and £ would again be uniquely determined. In this paragraph ß has been a double cone of the first species with basé B; this method may be repeated to give a formula for a double cone of species r. If we take a double cone of species r with base «S'n_r, 1 | r á n -2, then this region has a formula of degree 3 which involves n + r 4-2 points.
4. A Special Formula for Simplexes. We digress here from the methods of the previous sections to give a special formula of degree 3 for a simplex »S'" in En . The formula involves 2n 4-3 points, n 2* 2, all but one of which are on the surface of Sn ; the formula involves the n 4-1 vertices, the n+1 centroids of the(n -1)-dimensional faces, and the centroid of S" . (
\n n / where S"il) = l/(n!) is the volume of Sn. Because of the symmetries of this particular simplex, the proof that this is a formula of degree 3 can be established by verifying that it is exact for the 7 monomials: 1, Xi, Xi2, XiX2, Xi3, xx2x2, Xi.r2Xj.
For n = 1 this formula gives us Simpson's formula, since for Si, a line segment, the vertices coincide with the (n -l)-faces; the weight for each end point of Si is bi 4-b4 = b2 4-bj. For n = 3, b0 = 0, and in this one case the centroid does not occur in the formula; for n > 3, b0 is negative. This formula will be useful when it is desired to integrate over a region by subdividing the region into simplexes and then applying a formula of degree 3 to each simplex. For a large number of subdivisions the total number of points used in applying this formula to each simplex will be less than the total number of points used if the n + 2 point formula is applied to each simplex. For example, for n = 3 suppose we desire to integrate over an icosahedron (which has 20 triangular faces) by subdividing it into 20 tetrahedra (each tetrahedron having as vertices the vertices of a face plus the center of the icosahedron). Repeated use of the formula given here would involve a total of 63 points whereas use of the 5-point formula for each tetrahedron would involve 100 points.
5. Concluding Remarks. From the formulas we have discussed, formulas may Ije obtained for regions which are linear transforms of the particular regions we have cousidered. While these results add greatly to our knowledge of formulas of degree 3
